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Sequential allocation : some examples

Clinical trial

@ K possible treatments (with unknown effect)

& @ =
@ Which treatment should be allocated to each patient based on
their effect on previous patients ?

Movie recommendation

o K different movies

@ Which movie should be recommended to each user, based on
the ratings given by previous (similar) users?
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The “bandit” framework

One-armed bandit
= slot machine (or arm)

Multi-armed bandit : several arms.
Drawing arm a < observing a sample
from a distribution v,, with mean p,

Best arm a* = argmax, p,

Which arm should be drawn
based on the previous
observed outcomes ?
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Bandit model (more formal)

A multi-armed bandit model is a set of K arms where
@ Each arm a is a probability distribution v, of mean pu,
@ Drawing arm a is observing a realization of v,

@ Arms are assumed to be independent

At round t, an agent
@ chooses arm A, and observes X; ~ v,
e (A;) is his strategy or bandit algorithm, such that
Arr1 = Fe(A1, X1, ..o, A Xy)

Global objective : Learn which arm(s) have highest mean(s)

* *
ji” = max fi a" = argmax, U,
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Objective 1 : Regret minimization

Samples are seen as rewards.

The agent ajusts (A¢) to

@ maximize the (expected) sum of rewards accumulated,

-
> X
t=1

@ or equivalently minimize his regret :

N
T =Y X
t=1

E

Rr=E

= exploration/exploitation tradeoff
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Objective 2 : Best arm identification

The agent has to identify the best arm a*. (no loss when
drawing "bad” arms)

To do so, he
@ uses a sampling strategy (A;)
@ stops sampling the arms at some (random) time 7

@ recommends an arm 3,

His goal :
Fixed-budget setting | Fixed-confidence setting
T=T minimize E[7]
minimize P(3, # a*) P(a, #a*) <0

= optimal exploration
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Comparison on the medical trials example

The doctor :
@ chooses treatment A; to give to patient t

@ observes whether the patient is cured : X; ~ B(ua,)

He can ajust his strategy (A¢) so as to

Regret minimization Best arm identification
Maximize the number of patients | Identify the best treatment
cured among T patients with probability at least 1 — §
(to always give this one later)
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@ Regret minimization

© m best arms identification
@ Lower bound on the sample complexity
@ An optimal algorithm ?

© The complexity of A/B Testing
@ The Gaussian case
@ The Bernoulli case
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A parametric assumption on the arms

vi,...,Vk belong to a one-dimensional exponential family :
Pro,b = {vs,0 € © : vy has density fy(x) = exp(Ox—b(0)) w.r.t. A\}
Example : Gaussian, Bernoulli, Poisson distributions...

® v = 1y, can also be parametrized by its mean j = b(@k).

Notation : Kullback-Leibler divergence

dp
KL(p,q) = Ex~p [log d—q(X )]
For a given exponential family P, we denote by

dp(p: 1) = KL(Vpr () Vo))

the KL divergence between the distributions of mean u and p’'.

Example : Bernoulli distributions

1) = KL(B(1n). B(1) = plog 2 + (1= ) log 7.
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Outline

@ Regret minimization
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Optimal algorithms for regret minimization

v=uvp = (Vo,--.,v) € M= (P)K.

N,(t) : number of draws of arm a up to time t
K
Rr(v) = (1" — 1a)Es [Na(T)]
a=1

e consistent algorithm : Vv € M,Va €]0,1], Rr(v) = o(T)
@ [Lai and Robbins 1985] : every consistent algorithm satisfies

.. EL[NL(T)] 1
= f >
Ha =t =0 log T = d(jtar %)

Definition

A bandit algorithm is asymptotically optimal if, for every v € M,

_ E,[N,(T)] 1
< p* = limsup <
fa =l Tooo logT d(pa, p1*)
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Towards asymptotically optimal algorithms

o A UCB-type algorithm chooses at time t 4 1
Atr1 = argmax UCB;,(t)
a
where UCB,(t) is some upper confidence bound on f,.
Examples for binary bandits (Bernoulli distributions)

e UCBL [Auer et al. 02] uses Hoeffding bounds :

s, [2l08(r)
TN\ ()

UCB,(t)

Sa(t) : sum of rewards from arm a up to time t

K1 .
B [NAT)] < — - log T + Ka, with K > 1.
LTI o =
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KL-UCB : an asymptotically optimal algorithm

o KL-UCB [Cappé et al. 2013] uses the index :

(1) = argmx {d (f/—((?)x) < o) <l log(t)} |

x> Na(t)

where d(p, q) = KL (B(p), B(q)) = plog (5) +(1—p)log (}%5) :

!
oof| [—0EON,0.0
- 2(a-S (0N, 0"

Sa(i)/Na(i)

[ i

r.r 11

ol ol o2 os 6x o5 o6 o7 JlJos os 1
Q

E[N(T)] < - —log T+ O(y/log(T)

(pa, )
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KL-UCB in action
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KL-UCB in action
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The information complexity of regret minimization

Letting

- Rr(v)
KR(V) A colr?sfstent |7[n—>loof m7

we showed that

K (%

kr(V) :Z((

a=

Na)
IU’37

Remarks :
@ an asymptotic notion of optimality

@ still worth fighting for more efficient algorithms
(e.g. Bayesian algorithms)
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© m best arms identification
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m best arms identification (fixed-confidence setting)

v=(vg,..,Vo) € M= (P)X such that fm] > H{m+1]-
Parameters and notation :

@ m a fixed number of arms

@ 4 €]0,1] a risk parameter

o S the set of m arms with highest means

The agent’s strategy : A = (A;, 7, 95)
@ sampling rule : A; arm chosen at time ¢
@ stopping rule : at time 7 he stops sampling the arms

@ recommendation rule : a guess S for the m best arms

His goal :

o Vv € M:fim > Wma]y Pu(S=85) =116
(the algorithm is 6-PAC on M)

@ The sample complexity E, [7] is small
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Towards the complexity of best-arm identification

The literature presents §-PAC algorithm such that
E,[r] < CH(v)log(1/0)

[Even-Dar et al. 06], [Kalyanakrishnan et al.12]
but no lower bound on E,[7].

=- No notion of optimal algorithm
We propose

=» a lower bound on E,[7]
=» new algorithms (close to) reaching the lower bound
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© m best arms identification
@ Lower bound on the sample complexity
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A general lower bound

v € Msuch that iy > - > fim > fims1 > -+ > jix.

Any algorithm that is 5-PAC on M satisfies, for all 6 €]0, 1],

1
Ey[r] = (Z d(fta, fm+1) Z d(pta; pim) ) ° (745)'

a=m+1

@ First lower bound for m > 1

@ Involves information-theoretic quantities
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A general lower bound

v € Msuch that iy > - > fim > fims1 > -+ > jix.

Any algorithm that is 5-PAC on M satisfies, for all 6 €]0, 1],

1
o= (Zdﬂaaﬂm+l QZ d"é""" )I (745)'

@ First lower bound for m > 1

@ Involves information-theoretic quantities

K
E[r] =) E[Ns(7)]
a=1
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Behind the lower bound : changes of distribution

Lemma

v=(v1,10,...,vk), vV = (v],15,...,V) two bandit models.

ZE [Na(r)IKL(va:5) > sup KI(B.(£). P (£))

with kl(x,y) = xlog(x/y) + (1 — x) log((1 — x)/(1 — y)).
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Behind the lower bound : changes of distribution

Lemma

v=(v1,10,...,vk), vV = (v],15,...,V) two bandit models.

ZIE [No(7)]KL(va, %) > sup kI(P,(E), P, (E)).
EeF,
with kl(x,y) = xlog(x/y) + (1 — x) log((1 — x)/(1 — y)).
@ choose /' such that &) (v/) # {1..... m} :
Mc++ - Ha - Hmer M oo -+ M2

Sn(v)y = {1,---,m—1,m}

Su) = (Lo .m-L3}
Mge o ov oo Mm+1 Mm MmtE€ M1

@ E=(85=85w)): P (&) > 1 dand P (&) < 0.
= By [Na(7)]d(1tas pom + €) = KI(6,1 — 6) > log(1/2.46).



© m best arms identification

@ An optimal algorithm ?
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The KL-LUCB algorithm

Generic notation :

e confidence interval (C.l.) on the mean of arm a at round t :
Z(t) = [La(t), Ua(2)]
@ J(t) the set of m arms with highest empirical means

Our contribution : Introduce KL-based confidence intervals

Us(t) = max{q > fia(t) : Na(t)d(fia(t), q) < B(t.6)}
Lo(t) = min{q < fia(t) : Na(£)d(fa(2), q) < 5(t.6))

for B(t,d) some exploration rate.
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The KL-LUCB algorithm

At round t, the algorithm :
@ draws two well-chosen arms : u; and /; (in bold)
e stops when C.I. for arms in J(t) and J(t)¢ are separated

58 118 346 330 120 72

m=3,K=6
Set J(t), arm /¢ in bold Set J(t)¢, arm u; in bold
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The KL-LUCB algorithm
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Remark : KL-UCB versus KL-LUCB

Similar tools for a different behavior :

LT ]t

e . . . .. Qe - . . .
KL-UCB KL-LUCB
(m=1)
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Theoretical guarantees

Theorem
KL-LUCB using the exploration rate

B(t,0) = log <k1Kt >

~

W|tha>1andk1>1-|——sat|sf|esIP’ (S§=8)>1-54.

For oo > 2,
1 1
E,[r] < 4aH" log <5> + 0550 <Iog 5) ,

H* min Z -

ce[um+1 fim] 2

with
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Theoretical guarantees

@ Another informational quantity : Chernoff information
d*(x,y) :=d(z*,x) =d(z%,y),
where z* is defined by the equality

d(z*,x) = d(z%, y).

X z y
02 025 03 035 04 045 05 055 06 06 07
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Complexity of m best arm identification (FC)

Define the following complexity term :

: ) E,[7]

— inf limsup—aT

rel) PAC 50" log(1/6)
algorithms

S S R T
d(ﬂay d(ﬂaa Mm)

t=m+1

Upper bound (for KL-LUCB)

<38 min
K;C(V) T c€lpmi; Nm] Z d*(ﬂm C)

Nm—l—l
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© The complexity of A/B Testing
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Motivation : A/B Testing

E

Website version A

10 Conversions

Visitor for testing

i

I

Website version B

}

5 Conversions
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Two possible goals

The agent’s goal is to design a strategy A = ((A¢), 7, 3, ) satisfying

Fixed-confidence setting Fixed-budget setting
P,(a; #a*) <d T=t
E,[7] as small pe(v) =P, (a: # a%)
as possible as small as possible

An algorithm using uniform sampling is

Fixed-confidence setting Fixed-budget setting
a sequential test of a test of
(11 > p2) against (u1 < p2) | (pa > p2) against (p1 < p2)
with probability of error based on (t/2) samples
uniformly bounded by ¢

[Siegmund 85] : sequential tests can save samples!
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Two complexity terms

M a class of bandit models. A = ((A¢), T, 3;) is...

Fixed-confidence setting Fixed-budget setting
0-PAC on M if Vv € M, consistent on M if Vv € M,
Py (& #a") <6 pe(v) =Py (ar # ap,) T 0

Two complexities :

=T
. . V[q—] . . - l
) g dmsupely | vae) Sin fimsse — g o)
for a probability of error < ¢ for a probability of error < 9,
E,[r] ~ kc(v) log budget t ~ rg(v)log

In all our examples, 5, = argmax, /i,(7) (empirical best arm)
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Lower bounds in the two-armed case

From the previous Lemma...

Ais 0-PAC. v = (v1,10) vV = (v, v5) = i1 > pp and pf < pb.

E, [Ny (7)]KL(v1,v1) + By [No(7)]KL(v2, 5) > log (2 15) :

previously, a new change of distribution :
. g po e w
py = m Hy o=
py = pite [ty = fi+e

@ choosing . = d(piy. g ) = d(po, o) = do(pr. o) -

ds(p1, p2)Ey [7] > log (225)
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Lower bounds in the two-armed case

@ Exponential families bandit models :

M ={v e (P):m # 2}

Fixed-confidence setting Fixed-budget setting

any 0-PAC algorithm satisfies | any consistent algorithm satisfies

Ey[r] = d*(m H2) log (%) lim sup — % log pe(v) < d*(pa, p2)

t—o0

@ Gaussian bandit models, with o1, 05 known :

M={v=(N(p1,07) . N (12,03)) : (1, p2) € R?, i1 # 2},

2or+02)? 1 ) 1 (p—p2)*
Bulrl 2 G log (35) | limsup — tlog pi(v) < 5703y
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© The complexity of A/B Testing
@ The Gaussian case
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Fixed-budget setting

M={v=(N(u1,0%) N (12,03)) : (1, p2) € R i1 # pio}

@ From the lower bound :
2 2
kp(v) > 2(01 + 02)°

(11 — pi2)?

@ A strategy allocating t; = ( = tw samples to arm 1 and

o1+02

t» = t — t; samples to arm 1 satisfies

o1 (11 — p2)?
- — D et A
I|trg!2f t log pe(v) = 2(01 4+ 02)?
2(01 + 02)?
ke(v) = 7( 1_ 2)2
(11— p2)
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Fixed-confidence setting : algorithm

The a-Elimination algorithm with exploration rate ((t, 9)

=» chooses A; in order to keep a proportion Ni(t)/t ~ «
i.e. Ay =2 if and only if [at] = [a(t + 1)]

=» if fi5(t) is the empirical mean of rewards obtained from a up
to time t, 02(a) = o2 /[at] + 03/(t — [at]),

r=infdt e N () - pa(t)] > \/m}

h&

T T T T T T
0 200 400 600 800 1000
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Fixed-confidence setting : results

@ From the lower bound :

2(0’1 —I—O’2)2 1
et 2 G e ()

["heorem
With = 7 and [(t,0)=lo ‘ + 2log log(6t)
i -
o e ) g(S glog )

a-Elimination is §-PAC and

2 2 1 1
Ve>0, E,[r]<(1+ e)% log (%) 4 5%0 (Iog 5)

<

2(0’1 + 02)2
(1 — M2)2
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@ The Bernoulli case
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Lower bounds for Bernoulli bandit models

M = {v=(B(p1), B(12)) : (p1, p2) €]0; 1[%, pi1 # pa},

@ From the lower bounds,

1

1
kc(v) > ——— and kp(v)> ———.
cv) 2 d* (1, p2)

— di(p1, p2)

di(x,y) =d(x,z.) =d(y,z) | d*(x,y) = d(z*,x) = d(z*,y)
with z, defined by with z* defined by
d(x,z.) =d(y,z) d(z*,x) =d(z*,y)

(Chernoff information)

For Bernoulli distributions,

’d*(m,uz) > d*(ﬂl,/&)‘
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Fixed-budget setting

There exists a(v) such that a strategy allocating t1 = [o/(1)t]
samples to arm 1 and 2 —  — t1 samples to arm 2 satisfies

pe(v) < exp(—td"(p1, p2))-

1

“60) = Gl 2)

Remarks :
o the optimal strategy not implementable in practice

@ using uniform sampling is very close to optimal

Consequence :

’ kc(v) > kp(v) ‘
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Fixed-confidence setting

Another lower bound

A 6-PAC algorithm using uniform sampling satisfy

v

d (,Ul H1+M2) + d( #13#2)
> .

with

Le(pa, po) =

Remark : /.(u1, p12) is very close to dy (1, p2)!

= in practice, use uniform sampling ?
The algorithm using uniform sampling and
t
7= inf {t € N* : |p1(t) — fio(t)] > log (5)}

E[r] 2 1
is 0-PAC but not optimal : g1 = Gl Lm)
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The SGLRT algorithm

The stopping rule
: . . . t
7 =inf {t e N* : th(fn(t), pa(t)) > log (5)}

corresponds to a Sequential Generalized Likelihood Ratio Test.

lim sup E, 7] < L
50 log(1/6) = I*(p, p2)

SGLRT : optimal among strategies using uniform sampling
(hence, close to optimal)
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Conclusion

@ the complexity of regret minimization is well-understood
= complexity term involving Kullback-Leibler divergence

@ Chernoff information appears as a relevant complexity
measure for best arm identification among two arms

@ complexity terms for the fixed-budget and fixed-confidence
settings can be different !

Remaining questions

@ A/B Testing : for which classes of distributions is uniform
sampling a good idea ?

@ the complexity of m best arm identification, m > 1
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